Abstract-To understand the mechanisms of decorrelation in interferometric SAR (InSAR) images of bare soil, a model has been developed. Under the Kirchhoff and stationary phase approximations, coherence can be related to the statistical variations of dielectric constant and roughness parameters of surfaces. With the help of an empirical model for the dependence of dielectric constant on soil moisture, coherence due to the inhomogeneity of soil moisture is numerically demonstrated. It has been shown that the decorrelation of the radar signal from rough soil is mainly due to the moisture variability within the resolution cell. The effect of roughness on decorrelation is complex. The effect is negligible compared to that of the dielectric variability for homogeneous resolution cells (no dielectric variability within a resolution cell). However, the coherence depends strongly on the roughness parameters for resolution cells with large moisture variability. It is concluded that the loss of coherence induced by variability of dielectric constant can be related to the relative variation of moisture expressed by the ratio of standard deviation and mean value, and that large relative variations of moisture could lead to much decorrelation. If the moisture variability is small the coherence will be very high even if the values of mean moisture of the two SAR observations are different, which means that coherence can be high in spite of much backscatter differences.
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INTRODUCTION
Interferometric SAR (InSAR) is a powerful tool for mapping of land topography, detection of land change and potentially for the extraction of bio-physical parameters, e.g., stem volume of forest [1] [2] [3] . Much effort has been concentrated on understanding mechanisms causing decorrelation in InSAR and trying to relate the coherence to bio-physical parameters [4] [5] [6] [7] [8] [9] .
An important aspect for the interpretation of InSAR images is the coherence due to rough dielectric surfaces. Due to the lack of theoretical models differential simplified approaches have been used. For developing the simplified model for forest coherence in [5] , the coherence due to soil was assumed to be unity, whereas, in [7] , the ground coherence was an unknown value to be determined from measurements. To understand the properties of surface coherence, it is necessary to have physical insights into the mechanism of decorrelation due to rough surfaces. The effect of roughness on baseline decorrelation was studied in [10, 11] , and an analytical expression for the coherence related to the roughness has been found under the physical optics (PO) approximation. It was demonstrated that the dependence of the baseline decorrelation on the surface statistics is weak for a wide range of values of the standard deviation and correlation length for the surfaces. Some experiments for investigating the decorrelation and phase shift of scattering from rough surfaces due to moisture changes were also made in laboratory [12, 13] , where it was shown that changes in soil moisture caused decorrelation.
In this paper we analyze some factors that affect the coherence of radar signals backscattered from rough surfaces. The intention is to identify the most important factor causing decorrelation. Emphasis is placed on the effects of inhomogeneities of the surface dielectric prop-erties within the resolution cell. In Section 2, a model is developed to relate coherence to the statistical characteristics of Fresnel reflection coefficient at normal incidence to the mean surface, and an analytical form of coherence in terms of roughness parameters is formulated under the Kirchhoff approximation (KA) with stationary phase approximation. In Section 3 results and discussions of the effects of the soil moisture in combination with roughness are presented. Conclusions are drawn in Section 4.
THEORETICAL DEVELOPMENT
Coherence of Signals from Surfaces with Inhomogeneous Moisture Distribution within the Resolution Cell
The size of the resolution cell for typical contemporary satellite SAR systems are tens of meters, for example, the value of ERS-1/2 is about 25 meters. Thus it is likely that the soil moisture (and other properties) varies even within the resolution cell. In this section, an expression for coherence is developed including the moisture variability within the resolution cell. As illustrated in Figure 1(a) , the resolution cell can be divided into M sub-cells with the centers located at (x i , y i ) , where the index i ranges from 1 to M . For each subcell, the roughness properties are assumed statistically identical, but dielectric properties may be different. The total field E s is the summation of each subcell's contribution E i .
Under the tangent plane approximation with the stationary phase approximation, the backscattered electric field E i from the ith subcell for co-polarizations (vertical and horizontal) can be expressed as [14] 
Where Andn i is the unit vector in the incident direction with angle θ, k is the wave number in air, E 0 is the amplitude of the incident field and R 0 is the range from the observation point to the rough surface (see Figure 1(b) ). r represents the position of a point on the surface from the origin. ε 0 and ε i are relative dielectric constants for air and soil of the ith subcell, respectively, and R i (0) is the Fresnel reflection coefficient at normal incidence. The integration is carried out in the subcell ∆ i . The validity conditions for Eq. (2) for a Gaussian rough surface with Gaussian correlation function are given in Eq. (33) and (34). Here we assume that the impulse function of SAR system is a rectangular window. Then the total field from a resolution cell can be presented as
Where
The coherence of two observed fields E s 1 and E s 2 with slightly different incidence angles θ 1 and θ 2 , respectively, is defined as [1] 
The operation · denotes the ensemble average. The statistical variations include both spatial variations between pixels and time variations for repeat pass interferometry, and the asterisk '*' represents the complex conjugate operation. The simple geometry of InSAR is depicted in Figure 1 (b). The quantities with subscript '1' are for one image, and those with subscript '2' correspond to another one taken at a position with a baseline B ⊥ perpendicular to the average look direction. When considering the range difference ∆R 0 between the two observations, the above expression can be rewritten as
Where 11, 12, 22 (11) For simplicity, the phase term exp(j2k∆R 0 ) that corresponds to coherent phase shift, will be ignored in the following discussion where we focus on the magnitude of the coherence. Now we calculate the term B ab . If the moisture and the roughness are independent of each other, the ensemble averaging can be done for moisture and roughness separately, and Eq. (11) can be divided into two terms corresponding to the correlation for the same subcell and different ones, respectively.
For simplicity, we can assume the incidence direction is n i = x sin θ − z cos θ . The ensemble average for the roughness in the same subcell can be described as
And σ is the standard deviation of the surface. ρ(τ ) is the correlation function of the rough surface height, τ is the distance of two points on the surface, that is τ = (x 2 − x 1 ) 2 + (y 2 − y 1 ) 2 . The term involving ρ(τ ) may be represented by a series, so Eq. (13) becomes a series,
It is shown that the first term corresponds to the coherent scattering, the second term corresponds to the incoherent scattering. These two scattering mechanisms can be calculated separately. The coherent term is
Where 2L x and 2L y are the size of subcell in x and y directions respectively. A is the area of the subcell, i.e., A = 4L x L y and sinc(x) = sin x/x . For Gaussian height correlation function, ρ(τ ) = exp(−τ 2 /l 2 ) , where l is the correlation length, following the same coordinate transform as [10, 11, 15] , the incoherent scattering is further presented as
When kσ 1 , the contribution of the integral in (13) is significant only for small values of τ , so the correlation function may be approximated as ρ(τ ) ≈ 1 − τ 2 /l 2 . Then with the same procedure as applied in (17), we can obtain the approximate expression
For the integral over two different subcells, D ab , we can assume the roughness is independent, and we can derive
Hence, B ab can be derived
When kσ 1 , C ab is calculated through Eq. (18). Now we discuss the statistics of moisture distribution. If the moistures for all subcells are statistically identical, we can rewrite the above expression.
Where R 1 (0) and R 2 (0) , which are the Fresnel coefficients for the two observations, are random variables. The superscripts 's' and 'd' denote the operations of ensemble averaging which are carried out on the same subcell and on different subcells respectively.
If we only consider the decorrelation due to the rough surface, we set θ 1 = θ 2 = θ , as the case shown in [12, 13] , B ab is simplified as
Where C 0 and D 0 are given as
So for the single pass case B 12 = B 11 = B 22 . For kσ 1 , C 0 is expressed as
So far we have derived theoretical expressions for coherence for the case of inhomogeneous resolution cell. For large roughness only incoherent scattering contributes to coherence, and for smaller roughness, both coherent and incoherent scattering make contributions to the coherence of rough soil. In the following subsection, we will discuss the special case in which there is no moisture variability within a resolution cell.
Coherence of Signals from Surfaces with Homogenous Moisture within Resolution Cell
We now assume that the moisture in resolution cell is homogenous, i.e., the number of subcells is one. We also assume that the center of resolution cell is located at the origin. From (9)-(12), the expression of coherence can be presented as
Where C ab is calculated through Eq. (13). Here we just show various effects on the coherence in the case of large kσ , the same procedure could be applied for the case of small kσ .
With
r m represents the coherence due to the fluctuation of dielectric properties, for example, variation of soil moisture or inhomogeneity of soil composition. r r shows the coherence due to the surface roughness which can be characterized by the parameters, e.g., RMS height, σ , and correlation length, l . The baseline coherence r B represents the baseline decorrelation due to the spatial diversity of radar positions where two images are derived, it is independent of the surface properties, and determined by the impulse function of SAR systems. The form of comes from the rectangular impulse function of SAR system. Baseline decorrelation for some typical impulse functions has been discussed in references, the sinc form in [6, 9, 11] , Gaussian function in [15] , and the so-called 'cosine on a pedestal' impulse function in spatial frequency in [16] . Trigonometric functions of θ 2 in (29) and (30) can be expressed in terms of θ 1 and the angle difference ∆θ . We use θ to represent θ 1 for simplicity. Using the approximations cos(∆θ) ≈ 1, sin(∆θ) ≈ ∆θ , neglecting terms higher than second order of ∆θ , and expressing ∆θ with the baseline orthogonal to the sight direction approximately, that is, ∆θ ≈ B ⊥ /R , r r and r b may be further expressed approximately as
Where ∆r is the resolution size in the range direction, B ⊥ is the baseline orthogonal to the sight direction.
For the Gaussian rough surface with Gaussian correlation function, the conditions for the validity of the coherence expressions are the same as the backscattering case [14] . For the tangent plane approximation, the following condition should be satisfied.
Where λ is the wavelength in the free space. And for the case of large values of kσ , an additional condition is required, i.e.,
Thus, we have shown how the coherence of radar signals from rough surface can be explicitly presented in terms of Fresnel reflection coefficient at normal incidence to the mean surface and roughness parameters of RMS height and correlation length.
RESULTS AND DISCUSSIONS 3.1 Effects of Soil Moisture Inhomogeneity within Resolution Cell
In Section 2, the coherence due to the dielectric properties of the surface is related to the statistical characteristics of Fresnel reflection coefficients, thus related to the statistical properties of the dielectric constant of the surface. Here we only study the effect of moisture. The soil composition (in terms of percentage of clay, sand and silt) is fixed, so the dielectric constant of soil is related to soil moisture and soil temperature. If the soil moisture is homogenous, even though the two states of moisture, where images are derived, may differ a lot, and the backscattering may show large differences (such a case has been observed, see [3] ), there is no expected decorrelation. That is, it is the inhomogeneity of the surface's dielectric properties that induces the decorrelation of the backscattered signal, not the difference of dielectric properties of two soil states, although the difference will contribute to the phase shift.
The dielectric constant of soils may be related to the content and moisture through well-known empirical models [17] . Generally we do not know much about the statistical characteristics of soil moisture, especially the spatial and temporal correlation of soil moisture on the small-scales of relevance here. We assume that soil moisture (volumetric moisture) is an independent Gaussian random variable defined by its mean value µ m and standard deviation (RMS) σ m . The assumption of statistical independence of moisture will induce overestimation of decorrelation to some degree, but we can have physical insight into the decorrelation mechanism with this simple assumption. Therefore the probability distribution function of moisture within different subcells is assumed to be
where m v is the volumetric moisture. The dielectric constant of soil is expressed as a polynomial of volumetric moisture, that is
Where ε is the relative dielectric constant of the soil, S and C are the fractions of sand and clay in the soil (the remainder assumed to be silt), and coefficients a i , b i , c i (i = 1, 2, 3) are functions of frequency [17] .
From Eqs. (22)- (24), it is clear that effects of roughness and moisture are coupled. For large values of kσ , the term D 0 between different subcells shown in Eq. (24) is very small compared to the term C 0 in Eq. (25), so the total coherence is only determined by the fluctuations of Fresnel reflection coefficient, the effects of roughness disappear, in this case the value of coherence will be the maximum, that is,
The coherence of radar signals for inhomogeneous resolution cells behaves like that of signals from homogeneous resolution cells. The value of coherence is high, as will be shown in next subsection. For smaller values of kσ and correlation length l , the term C 0 in Eq. (23) is still much larger than the term D 0 in (24), this is the same situation as the case of large kσ . When the correlation length becomes larger, the incoherent scattering from a subcell decreases, and the coherent scattering, the first term in (23), dominates, the interference between subcells becomes more important. When incoherent scattering vanishes, that is, the second term of (23) is approaching to zero, the total field is largely affected by the phase differences due to the position differences of subcells, and we get the maximum decorrelation. In this case the coherence is strongly affected by the moisture variability within the resolution cell through the propagation phase differences, as shown in (39). The coherence can be expressed as
where
This result can be interpreted by regarding each subcell as a point scatterer with an amplitude proportional to the Fresnel reflection coefficient, and with the phase center located at the geometrical center of the subcell. In Eq. (2), if the surface height z is zero, the field from a resolution cell may be expressed as
Where C 1 is a constant that includes the contribution of the size of subcell, space spread factor etc., shown in (2). The total coherence will be in the range:
The coherence due to moisture has been estimated by numerical simulation using randomly generated values of soil moisture. As an example, one class of soil with sand fraction 0.5 and clay fraction 0.2 was considered. In the simulation of this paper we assume that there are 10 subcells in x direction in one resolution cell. ERS SAR is used as an example with the following parameters: incidence angle: 23 degrees, range: 850 km, frequency: 5.3 GHz, and frequency bandwidth: 15.5 MHz. The size of a resolution cell is 25 meters both in azimuth and range directions.
In Figure 2 , the coherence variation with mean soil moisture is illustrated with different values of surface correlation length, for small value of roughness σ . The maximum and minimum limits of coherence are also shown. The states of the soil are statistically identical for the two observations. Given the standard deviation of moisture, σ m , the coherence increases with increasing moisture. With increasing correlation length, coherence decreases, and reaches the minimum limit very quickly, where coherent scattering dominates. In Figure 3 , the coherence variation with mean soil moisture is shown for large roughness σ . The values of coherence are always large, and are independent of the correlation length. The coherence is only determined by the statistics of the soil's dielectric properties. The variation of coherence with standard deviation of soil moisture is depicted in Figure 4 , for fixed mean values of soil moisture. The coherence decreases when the standard deviation of moisture increases. It seems as if the coherence changes with the relative variation of moisture. Thus in Figure 5 , coherence variation with mean moisture is demonstrated for a fixed ratio of the standard deviation to the mean value for the second image, that is, keeping the relative variation constant. Coherence changes slowly with the increase of mean moisture for all cases of roughness. It is clear that the coherence depends on the relative fluctuation of soil moisture.
Effects of Soil Moisture Fluctuation between Resolution Cells
If the soil moisture is homogeneous within the resolution cell, effects of soil roughness and moisture are de-coupled. So we can consider the two effects separately. The roughness effects on coherence will be discussed in the next subsection. The coherence variation with the mean moisture of the second image is presented in Figure 6 , where the frequency dependence is also shown. The same behavior of coherence change with moisture as illustrated previously is shown. The coherence is high. We can find that the frequency dependence of coherence is complex because of the non-linear relationship between the Fresnel 
Roughness Effects
For inhomogeneous resolution cells, the effects of roughness have been discussed in Section 3.1.
When roughness is small, the effect of phase differences due to the position differences for different subcells becomes more important, thus signals maybe largely decorrelated due to the moisture variability within a resolution cell. When roughness is large, the effect of phase differences due to the position differences is taken over by that of roughness, in this case, the coherence of signal is mainly determined by the fluctuation of Fresnel reflection coefficient, thus high coherence may be observed.
For homogeneous resolution cells, the relation of coherence and roughness is expressed in Eq. (31). For ERS SAR the dependence of coherence on variations of the correlation length and RMS height of the surface are presented in Figure 7 and Figure 8 for different base- lines, respectively. The numbers shown in the legend boxes are the values of the baseline orthogonal to the sight direction. In Figure 7 , it appears that coherence increases with increasing correlation length, and coherence is almost one even for large baselines. In Figure 8 , the decorrelation increases when RMS height becomes larger, especially for longer baselines. The effect of roughness for the case of homogeneous resolution cells is much different from that for the inhomogeneous case. The overall effect of roughness on coherence is much smaller than that of dielectric inhomogeneity.
CONCLUSIONS
Based on the Kirchhoff approximation under the stationary phase approximation, the coherence of the backscattered signal from a rough surface with inhomogeneous moisture distribution has been related to the statistical properties of dielectric and geometrical characteristics of the rough surface. Coherence due to the moisture inhomogeneity, roughness, and baseline has been explicitly given. With the assumption of statistical independence of soil moisture, coherence due to the surface's dielectric properties has been numerically calculated. Some conclusions can be drawn as follows.
The surface roughness effects are complex. Roughness strongly affects the coherence when the dielectric constant within a resolution cell is inhomogeneous. Only when the roughness is small the effect of moisture variability within a resolution cell on coherence can be obvious. However the effect of roughness on coherence turns out to be small when the roughness is very large, the coherence is determined by the fluctuation of Fresnel coefficient. The effect of roughness is so small that it may be negligible compared with that of dielectric properties for homogeneous resolution cells.
Signals from resolution cells with inhomogeneous moisture distribution will be much decorrelated when coherent scattering in a subcell dominates, where the interference between subcells due to the position differences of subcells is large. In such cases the variability of dielectric constant within a resolution cell is the main reason for signal decorrelation. Coherence is closely related to the relative variation of the dielectric constant, for a given soil composition, hence related to the relative variation of moisture expressed by the ratio of standard deviation to mean value. Large relative variations of moisture result in large decorrelation. If the moisture variability is small the coherence will be very high even if the values of mean moisture of the two SAR observations are different, which means that coherence can be high in spite of much backscatter differences.
